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It is possible to generate an infinite number of conserved quantities and the most 
general soliton solution in an arbitrary background with the help of the Darboux- 
Backlund transformation and an expansion of the Lax eigenfunction in the 
eigenvalue parameter. Use is not made of the Riccati form of the Lax equation 
which is used in the usual derivation of the conserved quantities. It is shown 
that for zero seed solution one retrieves the usual one-soliton solution. 

1. I N T R O D U C T I O N  

$olitonlike solutions and conserved quantities o f  the s ine-Gordon  sys- 
tem had been obta ined with the help o f  the inverse scattering mechanism 
and an analysis o f  the cor responding  Riccati equat ion (Lamb, 1980). There 
are numerous  papers on soliton solutions and their quant izat ion (Bullough 
and Caudrey ,  1980). There also exists the celebrated approach  of  the 
R iemann-Hi lbe r t  t ransform (Mikhailov,  1981; see also Zakharov  et al., 
1984). The latter approach  is able to generate a new solution by starting 
f rom an arbitrary " seed"  solution, which we call the background  here. In 
this communica t ion  we show that by using a new form of  expansion for 
the Lax eigenfunct ion,  it is possible to construct  a formal expression for 
these eigenfunct ions when the background  solution is totally arbitrary. An 
interesting feature o f  this computa t ion  is that  it also gives rise to an infinite 
number  o f  conserved quantities without  the use o f  the Riccati form o f  the 
equation.  These general eigenfunctions are then used in the D a r b o u x -  
Backlund t ransformat ion  (Matseev, 1979a-c) ,  leading to the most  general 
soliton solut ion o f  the s ine -Gordon  system in the background  o f  an arbitrary 
solution. Finally, we demonst ra te  that for  the trivial background  solution, 
that  is u = 0, we get back the usual one-soli ton solution. 
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2. F O R M U L A T I O N  

The sine-Gordon equation is written as 

ux, = sin u 

whence the Lax pair is 

with 

and 
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(1) 

cos u sin u / 
V 

- 2 k \ s i n  u - c o s u /  

Now we set the following form of the components  of  4' in equation (3a): 

01 = cl e x p ( - x  + n 0 +  c2h2 exp x 
(4) 

q'2 = clhl e x p ( - x )  + c2 exp(x + n2) 

where 

n 2 = - ~ , = , k - " f ] o  g"dx'  
(4a) 

c o  

h i =  - Y~ b,k-" 
n = l  

c o  

h2= + ~ dnk-" 
n = l  

and c~, c2 are constants. After comparing different powers of k -m in the 
two linear equations, we arrive at the following set of equations for the 
expansion coefficients: 

o fk + y ~ f j , _ .  
fk+l = UX OX 

J=' (5) 

g k + , = - u ~  gk + Y. gjgj k 
" a x  \ u x /  j ~ l  

with g, = u~/4, fl  = u~/4, and f2 = U,U~.J4. 

I - k ~ 2  -ux /2~  (3a) 
U = \  ux/2 k /2  ] 

",t4, = UO, q,, = VO (2) 
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The coefficients b k and dk are generated through 

k 
(bk+,),,f, - bk+,f2 = Z [bjfk-j+3 - (bj)xfk-j+2] 

j=a 

along with a similar relation for dk. 
So, given a "seed" solution u, we can determine in a recursive manner  

all the coefficients f ,  gi, b ,  and d,. Hence, the eigenfunction (q'l, q*2)* is 
completely determined. It is interesting to note that the same computat ion 
can also be performed with equation (3b), which will determine the time 
evolution of  these coefficients and by virtue of  the basic equation (5) they 
should be consistent. This is indeed the case. For example, we obtain 

f f,,, -�89 cos u (53 dx'  = 

Now from our previous analysis we know tha t f i  = u2/4  and this expression 
really satisfies (5') by virtue of  ux, = sin u. The same property hold also for 
all f and &. Due to the above-mentioned properties, it can be ascertained 
that quantities like Ik = f - % f k  dx, Jk = ~_% gk dx are conserved, due to the 
s ine-Gordon flow. So we have obtained expressions for the conserved 
quantities without taking recourse to the Riccati form of the Lax pair, and 
our approach has the advantage that it can yield simultaneously an 
expression for the eigenfunction qJ given a solution u. 

3. D A R B O U X  T R A N S F O R M A T I O N  

We now proceed to construct a new solution with the supposition that 
arbitrary u is given. For this we use the formulation of the Darboux 
transformation in Matveev et al. (1987). I f  such a transformation is per- 
formed N times, then the corresponding nonlinear field u is given as 

A~(2N) 
- u x [ N ]  = - ux[0] -~ 

A(2N) 

= - u x [ 0 ] +  fi (say) 

A(2 N)  = det(A,k) 

A~(2N) = det(B,k) (6) 

where Aik, B,-k are defined via the following equations: 

J 'h~- '* ,k,  i = l , 2 , . . . , N  
Aik - i - l -N (7) 

[ h k  ~2k, i = n + l , . . . , 2 N  
i--I hk ~2k, i = l , 2 , . . . , N + l  

B i k = l  x i _ N  2 t ,  . .  (8) 
I/t k t/~lk , i =  N + 2 ,  . ,  2 N  



248 Roy Chowdhury and Ghosh 

ux[O] is the starting solution. Let us examine the effect of one such trans- 
formation, keeping u arbitrary. Then t~ is proportional to 

Using the expressions for ~bl, ~b2 given in (4), we observe 

~x oc4kx A1 e x p ( - x 0  + A2 e x p ( x 0 + A  
B~ exp( -x l )  + B 2 exp(xl) + B (9) 

where 

A = ClCzhlh2+ clc2 exp(fil + n2) 

B : c1r e~2+ h2 e'h + hi e"2+ ha e ~') 

A1 = c~hl e ~', A2 --~" C2~12 e"2 

B, = c2(h,h, + e "'+a') 

82 = c2( en2+~2 + h2/~2) 

Equation (9) upon integration gives the most general form of  the solution 
in the background of the arbitrary seed solution u(xt) .  To prove that (9) 
yields the correct form in the usual case when u = 0, let us set u = 0 and 
evaluate Ai, Bi, hi etc. We have 

ux oc - 2 i k i  c~ e k,x+(4k,/Ikl~)' 
C 2 C2/C22 + eZ[ktx+(4k,/I klz)'] 

This yields upon integration 

�9 _ , [c2  [ .  , 4 k l  u--tan L~ exp[,KlX• t)] 

which is nothing but the one-soliton solution of the sine-Gordon system. 

4. DISCUSSION 

In the above analysis we have shown that an expansion of the form 
(4) for the Lax eigenfunction can be used effectively for constructing the 
most general form of solution to the sine-Gordon system even when the 
corresponding seed (or background) solution is unknown in form. It is 
shown that all the coefficients in the expansions are determined recursively. 
The usual one-soliton solution comes out as a special case when the seed 
solution is zero. 
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